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Abstract: As many physical changes and conversions are done by exponential mathematical forms during the time that 
concerns us, the problem rises when the phenomenon has finished, the conversion is completed and the saturation has come upon 
the changed quantity. Thus, after the saturation is obtained, time becomes unable to provide us with further information and data. 
The difficulty becomes substantial when those exponential chronicle changes are used on the chronologies and dating of 
materials which are under scrutiny. Especially when the duration of time is not extended, the results are limited. Those 
exponential conversions appear in Plasma Physics in the growth or the damping of the plasma waves, as well. With the present 
theoretical work a non constant coefficient of the conversion is suggested, whose result is the extension of the conversion time. 
Also, it is proved that the under-duplication time becomes much more extended than it was with the constant conversion 
coefficient. Furthermore, it is proved that the under-duplication time continually increases as the under-duplications are 
multiplied. It should be considered that the initial formulation of the basic physical laws (Coulomb law, Biot-Savart law, law of 
Universal Gravitation, e.t.c) has been done with the first order approach, taking the ratio coefficients as constants. The present 
study is an extension of the formulation of the well-known laws with the second order approach. 
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1. Introduction 

With the present work an effort have been made to penetrate 
the until now known physical laws, by disputing on the 
stability of the different "constants" which are implicated to 
them. So, although the used example in the article is taked 
from Nuclear Physics, the authors have experience on the 
plasma waves and thermo- and opto-luminescence dating.  

As is well known that when a system is passing from one 
steady state to another one, it mediates the transitive state, 
known as transit. The mathematical elaboration during the 
transitive state is hard enough, and it always has exponential 
dependence on time. Similar exponential dependence on time 
is met in mechanical as well as electrical phenomena, such as 
the re-establishment or interruption of the electrical current. 
The whole operation of the chrono-circuits is described with 
exponential functions of time as well.  

Another field where exponential forms are met is Plasma 
Physics, where in the plasma body different waves are 

developed or extinguished. There, the growth rate or the 
damping of the waves is described with exponential functions 
of time [1-6]. Electrical [7-9] and drift [10-12] waves consist 
obstacles in the thermonuclear process, that is why their study 
was necessary and has been done thoroughly. Lots of research 
and many studies on the plasma waves have been carried out 
at the Plasma Laboratory of ‘Demokritos’ and many articles 
and communications have been published already [13-16]. 

Another instance where exponential functions of time 
appear is the thermo- and opto-luminescence dating of 
environmental materials. Much experience on the 
luminescence dating has been obtained at our laboratory as 
well [17-20]. So, using the luminescence which is trapped on 
the material and studying the exponential curve we are able to 
determine the age when the material was deposited. In Figure 
1 the used apparatus is presented (photo). 

However, as the transitive phenomenon of the 
luminescence proceeds to the saturation, the time for this 
completion is limited and at many times insufficient to reveal 
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an extensive dating. Thus, the need for extension of this time 
led us to seek again another mathematical model, in order to 
interpret more correctly the exponential phenomena by 
extending their time [21-23]. Especially, a non constant 
coefficient of the conversion was taken along with two other 
constants, which can be found if experimental simulations are 
used. In this way the extension of the time permits the 
searching of wider dating.  

 

Figure 1. (photo). TL / OSL RISØ-DA-15 reader at the Laboratory of Plasma 

at NCSR “Demokritos”. 

The paper is written as following: in Chapter 2 the 
problem's situation is given. There, the problem is stated both 
with constant and non constant coefficient λ . In the next 
Chapter 3 the study of the law with the non constant 
coefficient has been done. In Chapter 4 a further study of the 
above law takes place, whereas in the following Chapter 5 the 
maximum value for the transition time is given. In the final 
Chapter 6 the Conclusion and Comments are presented. In 
Appendix A and B the mathematical elaboration has been 
done.  

2. The Problem's Situation 

i) As it is well known, according to the radioactivity law, 
the breaking off coefficient λ  is taken as constant and 
we obtain the common result,  

0. tN N e λ−=                  (1) 

where 0N and N  are the initial and the unbroken nucleuses 

respectively, and λ  the constant coefficient. 

From the above law is calculated the semi-life time 1
2

t , 

equal to 

1
2

ln 2
.t const

λ
= =                 (2) 

It must be noted that for 2κν =  under-duplications ( κ is a 

natural number) the needed time is, 

1
2

ln 2
.t

κ
κ

λ
=                   (3) 

ii) With the consideration below, that λ is changing by the 

time t  as, 

0 .tλ λ µ= −                    (4) 

where 0λ  and µ  are constants, then we have the 

differential equation  
below,  

0( ). .dN t N dtλ µ= − −                  (5) 

Eq (5) is solved in Appendix A and its solution is given 
below, 

2
0 2.
t t

oN N e
µλ− +=                   (6) 

3. The Law (6) study 

i) the semi-life time: by putting 0

2

N
N =  into Eq (6) the 

semi-life time 1
2

t  is given with the next equation, 

2
0 1 1

2 2
ln 2

2
t t

µλ − =  or 
2
1 0 1

2 2
2 2 ln 2 0t tµ λ− + =   (7) 

That is,  

2
0 0

1
2

2 ln 2
t

λ λ µ
µ

± −
=               (8) 

ii) the time for 0N
ν  unbroken nucleuses:  

if the unbroken nucleuses are 0N
ν , then the required time is 

1t
ν . 

This time is given with the equation below,  

2
1 0 12 2ln 0t t
ν ν

µ λ ν− + =               (9) 

and it has the form, 

2
0 0

1

2 ln
t

ν

λ λ µ ν
µ

± −
=              (10) 

From Eq.s (8) and (10), the solutions with the symbol (+) 
are given as abnormal results, therefore we consider the 
solutions only, 

2
0 0

1
2

2 ln 2
t

λ λ µ
µ

− −
=  

2
0 0

1

2 ln
t

ν

λ λ µ ν
µ

− −
=   

the designation of constants 0λ  and µ   
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By using the time 1t
ν  from Eq.(10), which is required for 

the unbroken nucleuses diminished at 0N
N ν=  value, for 

two measurings 1ν  and 2ν  and by putting, 
1

1t
ν

α= and 

2

1t
ν

β= , then the Eq.(10) gives the system, 

2
0 0 12 lnλ λ µ ν

α
µ

− −
=  

2
0 0 22 lnλ λ µ ν

β
µ

− −
=             (11) 

The experimental values α  and β  can be found if 
simulations are used in the experiment. 

The system's solution gives the value of the constants 0λ  

and µ , as following,  

2 2
1 2

0

ln ln

( )

β ν α νλ
αβ β α

−
=

−
 

and 

1 22( ln ln )

( )

β ν α νµ
αβ β α

−
=

−             (12) 

Application:  

By taking the lessenings, for 1 4ν =  and 2 8ν = , then the 

relations of Eq.s (12) give, 

2 2

0
(2 3 ).ln 2

( )

β αλ
αβ β α

−=
−

 and 
2(2 3 ).ln 2

( )

β αµ
αβ β α

−=
−     (13) 

iii) the time extension: 

Let us consider that 0N  originally unbroken nucleuses 

will be subject to 2κν =  under-duplications ( κ  is a natural 

number). The needed time for this conversion 1t
ν  will be 

calculated in two ways: α) with the consideration of the 

constant coefficient 0λ , when it is 1
0

ln 2
t

ν
κ

λ
= , and b) with 

the non constant coefficient 0 tλ λ µ= − , when it is  

2
0 0

1

2 ln
t

ν

λ λ µ ν
µ

− −
=  or 

2
0 0

1

2 ln 2
t

ν

λ λ µκ
µ

− −
=     (14) 

In Appendix B the mathematical elaboration is given, 
which has proved that  

2
0 0

0

2 ln 2 ln 2λ λ µκ
κ

µ λ
− −

f             (15) 

 

4. Further Study of the Eq.(6) 

i) the Eq.(6) study: The Eq.(6) my be written as, 

2
0

0

2
t t

N
N

e

µ λ− +
=                   (16) 

The exhibitor of the denominator is written as, 

2
0

2
t t

µψ λ= − +                 (17) 

and its behavior-study is shown in Figure 2. 

 

Figure 2. The exhibitor of the denominator vs time t . 

From Figure 2 it must be noticed that 0ψ = , for 0t =  and 

02
t

λ
µ

= . 

A maximum appears at the time 0t
λ
µ

= . The minimum's 

value is, 

2
0

max
2

λψ
µ

=                 (18) 

In Figure 3 the relation ( )N N t=  is presented, as written 

in Eq. (6) 

 

Figure 3. The unbroken nucleuses vs time t . 
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From Figure 3 it must be noticed that the actual time for the 

realization of the phenomenon is 0t
λ
µ

= , where the N  is 

diminished, until it reaches the minimum value, 
2
0

2
0.N e

λ
µ

−   

ii) the Eq.(14) study: 
The Eq. (14) can be written as 

20 0
1

2
( ) .ln 2t

ν

λ λ κ
µ µ µ

= − −  

and by putting 0 a
λ
µ

=  and 
2 ln 2

b
µ

= it results to 

2
1 ( ) .t a a b
ν

κ= − −  or 
2

1.a b a t
ν

κ− = −   (19) 

Finally, this gives the following, 

2
1 12 0t at b
ν ν

κ− + =              (20) 

Εq. (20) has the solution, 

2
1t b
ν

α α κ= ± −              (21) 

Three points must be isolated and are tabulated in Table 1 
below: 

Table 1. Three distinct points which describe the function of the Eq. (21). 

The factor of the under-dublications bκ  The needed time 1t
ν  

0   0  
0  2α  

2α   α  

The study of the last Eq. (21) is shown in Figure 4, where 

the time 1t
ν  is presented versus the quantity bκ . 

 

Figure 4. The time 1t
ν  is presented vs the quantity bκ . 

The solid curve describes the real phenomenon. 

5. The Maximum Value for the 

Transition Time 

The transition time maxt  can be found in two ways: i) by 

annihilating the constant 0λ = , from which we take 

0
maxt

λ
µ= , or ii) from the time subdivision 1t

ν  when 

annihilating the quantity 2
0 2 ln 0λ µ ν− = , where we can 

again find that, 

2
0 0 0 0

1 1 max

2 ln 0
t t t

ν ν

λ λ µ ν λ λ
µ µ µ

− − −
= = ⇒ = =  (22) 

If we consider the subdivision ν  as power of the 2 , 

2κν =  with κ  as a natural number, then we calculate the 

number κ  of sub duplications, as 
2
0 2 ln 0λ µ ν− =  ⇒  2

0 2 ln 2 0κλ µ− =  ⇒  2
0 2 ln 2 0λ κµ− =  

⇒   

2
0

2 ln 2

λκ
µ

=                 (23) 

6. Conclusion-Comments 

Taking into consideration that the coefficient λ  is non 
constant, and it is changeable by time, many advantages can 
be seen with the problem’s solution: 

i) the semi-duplication time 1
2

t  is not constant, but it 

increases as the unbroken nucleuses decrease. 

ii) The originally unbroken nucleuses 0N , are not broken 

as a whole, but the quantity 
2
0

2
0.N e

λ
µ

−
 remains 

unbroken. 
iii) As the proposed problem and its solution is generally 

one and it includes the known problem with constλ = , 
it is enough to put 0µ =  in the results. 

iv) The proposed mathematical form for the coefficient λ  
is linear and the elaboration is relatively simple, 
although it has more texture than the case with 

constλ = . 
v) The conversion’s coefficient λ  appears, which has the 

constants 0λ  and µ  that can be found 

experimentally. 
With the present study we once again seek more 

information and data for the quantities which are changeable 
by time, so that to extend the time of the materials dating 
problem. In this way, we must not be sufficed with a 

simplification of the problem by the consideration that λ  is 

constant. On the contrary, it must be considered that λ  is non 
constant and it has chronicle dependences through which we 
get much more results. 
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Another idea is to seek successive conversions of the 
materials, so that, each time, the conversion time is added to a 
continuous time. 
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Appendix 

Appendix A 

The Eq (5) may be written as, 

0( ).
dN

t dt
N

λ µ= − −              (A1) 

and after its intergration the next equation is resulted, 

2
0ln

2
N t t C

µλ= − + +
            (A2) 

where C  is constant defined from the initial conditions: for 
time 0t = , is valid that 0N N= . So, is 0lnC N=  and the 
solution resulted at Eq (6)  

2
0 2.
t t

oN N e
µλ− +=  

Appendix B 

This mathematical proof takes place by using the 
mathematical inducement method. So, it is considered that is 
valid the inequality below, 

2
0 0

0

2 ln 2 ln 2λ λ µκ
κ

µ λ
− −

f           (B1) 

Then it can be written as, 
2
0 0

0

2 ln 2 ln 2
κµλ µκ λ
λ

− −p  

or  

2 2 2
0 0

0

2 ln 2 2 ln 2 ( ln 2)
µκλ µκ λ µκ
λ

− − +p      (B2) 

From which it is resulted that  

2

0

0 ( ln 2)
µκ
λ

p                 (B3) 

which is valid. 
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